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We systematically construct derivative self-interactions for massless and massive 2-forms. There
exists a no-go theorem in the literature for constructing Galileon-like Lagrangians in four dimen-
sions for the 2-form with gauge invariance, the Kalb-Rammond field. The presence of non-minimal
couplings strongly relies on the contraction with divergenceless tensors. In four dimensions these
are the Einstein tensor and the double dual Riemann tensor. Even though they are divergenceless
on their own, their combination ceases to be. In the case of massless 2-forms we are not able to
establish non-minimal couplings of the 2-form to the gravity sector with second order equations of
motion due to the impossibility of building consistent combinations of divergenceless tensors. Using
the systematical construction in terms of the Levi-Civita tensor, we aim at constructing Galileon-like
derivative self-interactions for the massive 2-form. Apart from L2 and L4 we are not able to con-
struct further Galileon-like Lagrangians. For the massive case, an important non-minimal coupling
between the 2-form and the double dual Riemann tensor arises, which receives additional support
from the decoupling limit. Promoting the interactions in L4 requires the presence of appropriate
non-minimal couplings and we give concrete examples for this.
PACS numbers:
I. INTRODUCTION
Within infrared modified gravity theories, models
based on higher dimensions have been extensively stud-
ied. One important representative is the DGP model [1],
where our universe corresponds to a D = 4 dimensional
brane living in a 5 dimensional bulk. From the 4 dimen-
sional point of view, the effective field theory contains a
scalar field on top of the standard spin-2 field. One char-
acteristic of this scalar field are its second order deriva-
tive interactions even though the field equations remain
of second order. The latter is important for avoiding Os-
trogradski instabilities.
Soon, this unique property of the helicity-0 mode was
generalized to the class of Galileon theories, which them-
selves became fashionable [2]. In D = 4 dimensions there
is only a finite number of such interactions with explicitly
second order equations of motion and invariance under a
constant shift of the field and its gradient. The general-
ization of these interactions to include curvature effects
led to the rediscovery of Horndeski theories [3]. They
constitute the most general actions for a scalar-tensor
theory with second order equations of motion.
One interesting follow-up question was, whether these
Galileon-like Lagrangians can be constructed for arbi-
trary p-forms [4]. One immediate result stated the non-
existence of massless vector Galileons in D = 4 dimen-
sions (see also [5]). This no-go theorem does not ex-
tend to the case of massive spin 1 fields and one can
construct non-trivial non-gauge invariant derivative self-
interactions of the massive vector field with three prop-
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agating degrees of freedom, giving rise to generalized
Proca theories [6–8]. These theories have opened up
interesting phenomenological applications in cosmology,
astrophysics and black hole physics [9] (see also [10]).
In [4] it was also shown that the construction of
Galileon-like Lagrangians in D = 4 dimensions for a
massless 2-form, i.e. a Kalb-Rammond field fails. Start-
ing from D = 7 dimensions it is possible to write down
Galileon interactions for a 2-form while maintaining ex-
plicitly the gauge invariance. In this Letter, we study the
systematical construction of derivative self-interactions
for both massless and massive 2-forms in 4 dimensions.
This approach is highly based on the antisymmetric
structure of the Levi-Civita tensors.
It seems that the difficulty of constructing Galileon-like
Lagrangians for the massless 2-form also persists for the
massive 2-form interactions L3, L5 and L6, at least using
the aforementioned systematical construction. We will
explicitly show the construction of interactions belonging
to L2 and L4. Concerning the non-minimal couplings in
curved spacetimes, we face difficulties to establish diver-
genceless tensors to which the gauge invariant strength
tensor of the massless 2-form could couple. The mas-
sive case, however, admits a non-trivial coupling to the
double dual Riemann tensor. We also show that promot-
ing the L4 interactions of the massive 2-form to curved
spacetime requires the presence of adequate non-minimal
couplings.
II. MASSLESS 2-FORMS
In this section we consider first a massless antisymmet-
ric Lorentz 2-form, which is often referred to as Kalb-
Ramond field Bµν . Lorentz invariance and massless-
ness imply that the theory describing the dynamics of
2the massless 2-form has to be invariant under the gauge
transformation
Bµν → Bµν + δBµν (1)
with δBµν = ∂µǫν−∂νǫµ and ǫµ being an arbitrary vector
field. Note that the gauge transformation has a redun-
dancy ǫµ → ǫµ + ∂µλ, where λ is an arbitrary function.
In analogy to the massless spin-1 field, gauge invari-
ance requires the 2-form to enter the Lagrangian in form
of its corresponding field strength tensor
Hµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν . (2)
The action for a massless antisymmetric 2-form can be
written as
S = − 1
12
∫
d4xHµνρH
µνρ . (3)
This action (3) is clearly invariant under the gauge trans-
formations given in equation (1). It is precisely this gauge
symmetry that ensures that the Kalb-Ramond field has
only one propagating degree of freedom in 4 dimensions.
We can compute the equations of motion for the 2-
form, yielding
∂ρΠ
ρµν = 0 ⇒ ∂ρ∂[ρBµν] = 0 , (4)
where we denoted the antisymmetrization by square
brackets and the conjugate momenta Πρµν of the 2-form
by
Πρµν = −1
6
Hαβγ
1
2
δ[ρα δ
µ
βδ
ν]
γ = −
1
2
Hρµν . (5)
The equations of motion (4) rewritten in momentum
space correspond to
p2Bµν + p
ρ(pνBρµ − pµBρν) = 0 . (6)
We can introduce spacetime light-cone coordinates - a
method widely used in string theory - to completely fix
the gauge and count the independent propagating degrees
of freedom of the Kalb-Ramond field. In these new coor-
dinates Greek indices run over {+,−, i}, whereas Latin
indices run over {1, ..., D−1}. The ǫ+ component can be
fixed to zero by choosing the arbitrary function λ = − ǫ+
p+
.
The transformation of the 2-form on the other hand reads
in momentum space
δB+− = p+ǫ−, δB+i = p+ǫi ,
δB−i = p−ǫi − piǫ−, δBij = piǫj − pjǫi .
It can be seen from the above equations that the compo-
nents B+− and B+i can be removed for a suitable choice
of ǫµ. With this gauge choice, the µ = + component of
equation (6) gives
p2B+ν︸︷︷︸
=0
+pρ(pν Bρ+︸︷︷︸
=0
−p+Bρν) = 0⇒ p+pρBρν = 0 , (7)
which leads to the generalization of the Lorentz gauge
pρBρν = 0⇒ plBlν = 0 (8)
in which the equations of motion for the 2-form field re-
duce to a wave equation.
Thus, we have
D(D − 1)
2
− 1︸︷︷︸
B+−=0
− (D − 2)︸ ︷︷ ︸
B+i=0
− (D − 2)︸ ︷︷ ︸
plBlν=0
=
1
2
(D2 − 5D) + 3 degrees of freedom (9)
which for D = 4 indeed becomes 1 degree of freedom. A
massless 2-form in 4 dimensions propagates one physical
degree of freedom.
We can construct a dual vector field H¯µ by contracting
the field strength with the totally antisymmetric Levi-
Civita symbol ǫµνρσ (with ǫ0123 = +1) in 4 dimensions
H¯µ = ǫµνρσH
νρσ , (10)
which satisfies the Bianchi-like idendity ∂µH¯µ = 0 due to
the total antisymmetry of the Levi-Civita symbol. Con-
sequently, the equation (4) can be written as
∂ρH¯µ − ∂µH¯ρ = 0 (11)
implying that H¯µ has to be the gradient of a scalar field
Φ, i.e H¯µ = ∂µΦ. Using this, the action in equation (3)
can be dually rewritten as
SΦ = −1
2
∫
d4x∂µΦ∂
µΦ . (12)
From equation (12) it is clear that the dynamics of a
massless, antisymmetric 2-form Bµν is equivalent to that
of a scalar field Φ.
A. First order form
The analysis of the propagating degree of freedom of
the Kalb-Ramond field simplifies significantly in the first
order form. By this, we mean treating Bµν and Hµνα (or
equivalently the conjugate momenta Πρµν ) as a priori
independent fields, each satisfying a 1st order equation
of motion. This framework is particularly useful when
working in the Hamiltonian formulation of the classical
theory, where the connection between the Hamiltonian
density, the Lagrangian density and the conjugate mo-
menta is given by a Legendre transformation.
Considering the action
S = − 1
12
∫
d4x
(
2Hµνα∂[µBνα] −HµναHµνα
)
(13)
we can perform two independent variations with respect
to Bµν and Hµνα leading to the 1st order equations
δS
δBνα
→ ∂ρHρµν = 0 (14)
3and
δS
δHµνα
→ Hµνα = ∂[µBνα] . (15)
We see that taken together, equations (14) and (15) are
consistent with the results derived in the Lagrangian for-
mulation. Plugging them into equation (13) we would
obtain the standard action in (3). Moreover, equation
(14) implies
Hµνα = ǫµναβ∂βΦ (16)
where Φ is again a scalar field. Plugging this into the
action in equation (3), we obtain the action of a massless
scalar field given in equation (12) and hence confirm also
in the first order formalism that there is indeed only 1
propagating degree of freedom.
B. Galileon interactions for the massless 2-form
We have seen that the massless antisymmetric 2-form
propagates only one physical dof. A natural question
arises as to whether other non-trivial derivative self-
interactions could be constructed for the massless 2-form,
without altering the number of propagating degrees of
freedom. This question led immediately to a no-go theo-
rem in [4], where it was shown that one cannot construct
Galilean interactions for a massless 2-form field in D = 4
dimensions. In fact, allowing higher dimensions (starting
from D = 7) one can construct Galileon interactions of
the type
L(D=7) = ǫµνρστφχǫαβγδǫξηHµνρHαβγ∂σHδǫξ∂ηHτφχ .
(17)
However, in 4 dimensions one cannot construct Galileon
interactions with gauge symmetry for the 2-form, leaving
the kinetic term as the unique gauge invariant term. A
similar no-go theorem exists for the massless spin-1 field,
where one cannot extend interactions of the form (∂F )n
beyond the Maxwell kinetic term [11], while keeping the
gauge invariance.
C. Non-minimal couplings for the massless 2-form
We have mentioned in the previous subsection that
there exist a no-go theorem for derivative self-interactions
for the massless 2-form as it is the case for a massless
spin-1 field. Nevertheless, in the latter case one can con-
struct a non-minimal coupling of the massless spin-1 field
to the double dual Riemann tensor LαβγδFαβFγδ. We
would like to understand whether similar non-minimal
couplings exist in the case of the massless 2-form. We
will demand that
• all terms should maintain the gauge symmetry,
meaning that the 2-formBµν has to enter the action
only through its manifestly gauge-invariant field
strength Hµνρ,
• the equations of motion for the involved fields gµν
and Bµν are at most of second order ,
• the massless 2-form only propagates one degree of
freedom while we keep the two degrees of freedom
in the gravity sector.
In order to guarantee the last two conditions, the field
strength Hµνρ can only couple to the divergence-free ten-
sors: the metric gαβ , the Einstein tensor Gαβ = Rαβ −
1
2Rgµν and the double dual Riemann tensor L
αβγδ =
1
4ǫ
αβµνǫγδρσRµνρσ. They are crucial in order not to have
higher order equations of motion as a consequence of
partial integration and hence acting additional covariant
derivatives on them coming from the field strength part.
Note, that these tensors are only divergence-free on their
own, but not combinations thereof such as (gG), (GG),
(gL), (GL), etc. Indeed, all possible contractions give
rise to such tensor combinations and the resulting index
structure prevents us from actually using their being di-
vergenceless as we will see below.
Needless to say, that several contractions vanish iden-
tically on grounds of symmetry properties of the three
divergenceless tensors and the totally antisymmetric
nature of the field strength tensor Hµνρ, for instance
HµνρHαβγg
νρLαβγµ = 0 and HµνρHαβγG
νρLαβγµ = 0,
etc. Furthermore, couplings through only gµν are for
obvious reasons allowed: tensors built from gµν without
any derivatives can be contracted with H ’s without any
care, such as the standard kinetic term or any non-linear
function thereof f(H). However, since the Einstein
tensor and the double dual Riemann tensor carry two
derivatives acting on the metric, non-minimal couplings
containing them are more problematic. Unfortunately,
we were not able to construct any contraction that
would maintain their divergeceless nature, as we discuss
below through concrete examples.
Couplings through Gµν : We immediately see that
due toG being symmetric and carrying 2 indices, we need
at least 2 H ’s. Consider a term of type (ggG):
HµναH
µνβGαβ ⊃ ∇µBνα∇µBνβgαλGλβ
∼ Bνα[(∇µ∇µBνβ)gαλGλβ +∇µBνβ(∇µgαλ)Gλβ
+∇µBνβgαλ(∇µGλβ)] . (18)
As one can clearly see from above example potentially
problematic terms ∂3g arise that would yield higher order
equations of motion. Even though G is divergenceless on
its own, the combination (ggG) with two inverse metric
and one Einstein tensors is not anymore. The same
happens for terms including more G’s like for instance
HµαρHνβσG
µνGαβgρσ and HµαρHνβσG
µνGαβGρσ since
they bring along ∇µGρσ 6= 0. There, the multiplications
(GGg) and (GGG) acquire a non-vanishing divergence,
and we lose the necessary fundamental property in order
to satisfy the last two conditions mentioned above.
4Couplings through Lµναβ: Since the double dual
Riemann tensor has four indices, we need at least two
H ’s to construct fully contracted objects at the price of
introducing an inverse metric or the Einstein tensor. This
on the other hand faces the difficulty that (gL) and (GL)
are not divergenceless anymore. For instance,
LµναβHµνρHαβσg
ρσ ⊃ Lµναβ(∇ρBµν)Hαβσgρσ (19)
∼ (∇ρLµναβ)︸ ︷︷ ︸
6=0→problematic
BµνHαβσg
ρσ
and similarly
LµναβHµνρHαβσG
ρσ ⊃ (∇ρLµναβ)︸ ︷︷ ︸
6=0→problematic
BµνHαβσG
ρσ .
(20)
Hence, couplings through the double dual Riemann ten-
sor face the same challenge as those through the Einstein
tensor.
One could wonder if interactions involving the dual-
field H¯, e.g of type (GH¯H¯) or (LHH¯) could represent
valid interactions. However, these types of interactions
are either parity-violating (which we do not consider
here) or they can be identified as couplings of the dual
field to the Riemann tensor which in turn can be related
to couplings of the double dual Riemann tensor to the
field strength. In this sense, they do not represent any
new interaction that has not already been considered in
the above discussion.
Based on the argument that the absence of higher or-
der equations of motion and the propagation of 1+ 2 de-
grees of freedom in the presence of non-minimal couplings
strongly rely on the realization of divergenceless tensors,
we have seen in this subsection, that it is impossible to
contract the gauge invariant field strength of the 2-form
with a divergenceless tensor. This comes hand in hand
with the difficulty, that even though the inverse metric,
the Einstein tensor and the double dual Riemann tensor
are divergence-free on their own, the products thereof are
not.
This might seem to contradict the results presented in
[12], where a non-minimal coupling for a gauge invariant
2-form was constructed using a duality relation to a sub-
class of Horndeski theories. The advocated interaction is
of the form
1
detG
GραGσβGλγHρσλHαβγ . (21)
Based on above argument, we had classified terms of the
form GGGHH as being problematic since the combina-
tion of 3 Einstein tensors acquires a non-vanishing diver-
gence. Bear in mind that this interaction (21) is just a
complicated way of rewriting the original Horndeski in-
teraction Gµν∂µΦ∂νΦ by means of a non-trivial duality
relation that carries an inverse Einstein tensor. One way
of reconciling this finding in [12] with our results is that
in terms of an expansion of this interaction in terms of
curvature the truncation at a given order will encounter
the problems associated to the non-vanishing divergence
mentioned above but the summation of this infinite se-
ries as an inverse Einstein tensor (or inverse determinant
thereof) might then circumvent the problem 1.
III. MASSIVE 2-FORMS
In D = 4 dimensions there is a no-go result for deriva-
tive self-interactions for a massless 2-form [4]. One might
wonder, whether this no-go result can be avoided by
abandoning the associated gauge invariance of the 2-
form, in the same spirit as the generalized Proca theories.
In this section, we will consider massive antisymmetric 2-
forms and study their allowed interactions using the sys-
tematical construction scheme via the Levi-Civita tensor.
In the previous section we have seen that a massless 2-
form propagates only one physical degree of freedom. If
we explicitly break the gauge invariance, the massive case
contains three degrees of freedom.
A. First order form
The propagation of three modes becomes quickly
transparent in the first order formalism. Consider the
following action
S = − 1
12
∫
d4x
(
2Hµνα∂[µBνα] −HµναHµνα
+ 2m2BµνB
µν
)
, (22)
where Hµνρ and Bµν are again treated as two indepen-
dent fields. Note the presence of a mass term, which ex-
plicitly breaks the previous gauge symmetry of the mass-
less 2-form. Variation with respect to the field strength
Hµνρ gives again Hµνρ = ∂[µBνρ]. Contrary to the mass-
less case, the Lagrangian (22) is no longer linear in the
B-field preventing it from acting as a Lagrange multi-
plier. Variation with respect to the 2-form Bµν results
in
∂αH
αµν −m2Bµν = 0 , (23)
which we can solve for Bµν . Plugging the result back
into the action yields
S = − 1
12
∫
d4x
(
− 4
m2
∂µH
µνα∂λHλνα −HµνρHµνρ
)
.
(24)
We can dualize the action in terms of the Hodge dual for
A by
Hµνα = ǫµναβAβ , (25)
1 We thank Jose Beltran Jimenez and Daisuke Yoshida for discus-
sions on this. See also [13] and [14] for a related discussion.
5which gives the dual action of a massive vector field after
insertion
S[A] =
∫
d4x
(
−1
4
Fµν(A)F
µν(A) − 1
2
AµA
µ
)
. (26)
This duality relation shows that the massive antisym-
metric 2-form propagates the same number of physical
degrees of freedom as a massive Proca field, namely 3.
This effect is sometimes called in string theory spin jump-
ing of the Kalb-Ramond field from spin 0 to spin 1.
B. Galileon interactions for massive 2-forms
In this subsection, we are after Galileon-type interac-
tions for the massive 2-form. For this purpose, we will
follow a procedure that has been extensively exploited
in the literature, that is based on using the antisymme-
try properties of the Levi-Civita tensor. We will demand
that the equations of motion remain second order despite
the presence of higher order derivative interactions in the
Lagrangian and that the massive 2-form propagates only
3 degrees of freedom.
The first immediate interactions can be constructed by
potential-like and gauge-invariant terms in form of
L2 = f2(Bµν , Hµνρ, H¯µ) . (27)
Since they contain either gauge-invariant contractions or
terms without derivatives acting on the 2-form, they triv-
ially satisfy our two conditions. As next, we can perform
a series expansion order by order in powers of the fun-
damental object ∂αBµν contracted with the Levi-Civita
tensors, in the schematic form f(B2)ǫǫ(∂B)mBn, where
m,n ∈ 0, 1, 2, ... etc.
The attempt to construct interactions with m = 1,
i.e. linear in ∂B, fails immediately since the Levi-Civita
tensor carries four indices whereas our fundamental ob-
ject ∂αBµν carries three indices. This does not alter by
including n 6= 0, since the odd number of remaining un-
contracted indices cannot be compensated by the even
number of indices in Bµν . Therefore, we have for the
cubic Lagrangian
L3 = 0 . (28)
For the next order, for m = 2, we have an even num-
ber of indices contracted with the Levi-Civita tensors,
so that one can start constructing non-trivial terms. We
can for instance consider the following three possible con-
tractions
L
(0B)
4 = L
H
4 + L
R
4 + L
T
4 (29)
where
LH4 = ǫ
µνρσǫαβγσ∂µBνρ∂αBβγ (30)
LR4 = ǫ
µνρσǫαβγσ∂µBνβ∂αBργ (31)
LT4 = ǫ
µνρσǫαβγσ∂µBαρ∂νBβγ . (32)
The first contraction LH4 gives rise to a contribution pro-
portional to the kinetic term
LH4 = −
2
3
HµνρH
µνρ (33)
and hence can be simply absorbed into L2. The second
contribution is not independent and can be entirely ex-
pressed in terms of the first and third contractions
LR4 =
1
2
(LH4 − LT4 ) . (34)
Hence, the genuinely new interaction comes only from
LT4 . Therefore, we will disregard the other two for now.
It corresponds to
LT4 = ǫ
µνρσǫαβγσ∂µBαρ∂νBβγ
= ∂µB
µν∂αBν
α + ∂νBµα∂
αBµν . (35)
This term is quite special. On its own standing like this,
it does not contribute to the equations of motion
δLT4
δBµν
=
0, so it represents a total derivative. In fact, on closer
inspection one actually recognizes that the second term
is identical to the first term but with a minus sign, after
integrating by parts twice.
However, it does not correspond to a total derivative
once it is multiplied with an overall function f4(B
2).
Hence, the construction at order L4 gives rise to the gen-
uinely new term,
L0B4 = f4(B
2)
(
∂µB
µν∂αBν
α + ∂νBµα∂
αBµν
)
, (36)
that would go beyond L2. This term looks like a modified
kinetic term without gauge invariance multiplied by an
overall function of the 2-form norm.
By replacing the inverse Minkowski metric that con-
tracts the last indices in the Levi-Civita tensors by a
2-form field one can also construct the n = 1 term. The
first two contractions in LR4 and L
H
4 vanish exactly in
this case due to antisymmetric nature of Bµν . The only
surviving term for m = 2 and n = 1 is
L
(1B)
4 = ǫ
µνρσǫαβγδ∂µBαρ∂νBβγBσδ , (37)
which can also be multiplied by a function of the 2-form
norm.
At this stage it can be noted that all Lorentz-indices
belonging to the Levi-Civita symbols are already fully
contracted meaning that all terms involving higher pow-
ers of Bµν necessarily have to be contracted among them-
selves, such as
L
(2B)
4 = ǫ
µνρσǫαβγδ∂µBαρ∂νBβγBσλB
λ
δ . (38)
Note, that since our systematical construction
f(B2)ǫǫ(∂B)mBn is such that the derivatives acting
on the 2-form are contracted with the two Levi-Civita
tensors, we cannot grasp terms where the indices of
(∂B)m are contracted among themselves.
6For contributions with m = 3, we immediately observe
that the eight indices of the two Levi-Civita tensors are
not sufficient to contract the indices with (∂B)3, which
contains nine indices. Hence,
Li = 0 for i ≧ 5 (39)
Therefore, the systematical construction stops here and
we are not able to construct Galileon interactions for the
massive 2-form that would go beyond L4. The term we
constructed for L4 in (36) might be called a modified
kinetic term, that contributes in a non-trivial way only
in the presence of an overall function of the 2-form norm.
The interactions arising in L4 can be better under-
stood from the decoupling limit using the Stueckelberg
trick. The broken gauge symmetry of the 2-form can
be restored by introducing a massless spin-1 field as the
Stueckelberg field Bµν → Bµν + ∂[µAν]. In this way the
massive 2-form gets decomposed into a massless 2-form
and a massless spin-1 field (still 3 propagating degrees of
freedom in total). In the decoupling limit where the mass
of the 2-form is sent to zero but leading contributions are
kept intact, we know that the pure massless 2-form and
the massless spin-1 sectors cannot contain any Galileon-
like interactions (due to existing no-go theorems). For
instance, there cannot be any interaction of the form
f4(F
2)∂F∂F , where F is the field strength tensor of the
massless spin-1 field. The only way the interactions can
contribute is via a mixing between the massless 2-form
and the massless spin-1 field. And this is exactly the way
how the above interactions in L4 contribute.
C. Non-minimal couplings for the massive 2-form
and curved spacetime
In the case of massless a 2-form we were not able to
construct non-minimal couplings due to the difficulty of
finding a divergenceless tensor with the right index struc-
ture. Gauge invariance required that the 2-form only
appears via the field strength tensor Hµνα and its con-
traction demanded the multiplication of divergenceless
tensors, which is not divergenceless anymore.
In the massive case, we cannot consider derivative non-
minimal couplings either since we were not able to con-
struct Galileon interactions beyond (∂B)2 in the previous
subsection, at least using our systematical construction
in four dimensions. It means that we cannot couple ∂B
to G and L since the corresponding Galileon derivative
interaction is missing in order to compensate it. How-
ever, due to the broken gauge symmetry, we can consider
contractions of the divergenceless tensors directly with
the massive 2-form. Due to the antisymmetric nature of
the 2-form, we cannot couple it to the Einstein tensor,
GµνBµν = 0. Based on the allowed symmetries, naively
we could construct terms of the form GµνGαβBµαBνβ .
Even though the Einstein tensor is divergenceless, the
multiplication of two Einstein tensors is not anymore.
Hence, this term would give rise to higher order equa-
tions of motion for the metric, if we applied the deriva-
tives of one G to the other G by integration by parts.
Since it contains four derivatives, for its compensation
we would need the presence of Galileon interactions at
(∂B)4 order, which we were not able to construct using
the systematical construction in terms of the Levi-Civita
tensors in 4 dimensions.
Thus, the only possible non-minimal unique coupling
is via the double dual Riemann tensor
L =
√−gLµναβBµνBαβ . (40)
It would be interesting to study the implications of this
non-minimal coupling in more detail. This unique non-
minimal coupling is harmless on its own. However, if one
were tempted to multiply it with an overall function of
the 2-form norm, then this would need to be compensated
by an appropriate interaction of the form B2(∂B)2, as in
the case of Horndeski and generalized Proca theories.
This unique non-minimal coupling (40) finds addi-
tional support from the decoupling limit using the
Stueckelberg field. If we rewrite the theory in terms
of a massless 2-form and a massless spin-1 field via
Bµν → Bµν + ∂[µAν], then we know that the only way
how the massless spin-1 field can couple non-minimally
to the gravity sector is through the unique interaction
LαβγδFαβFγδ. Therefore, it is not possible to find any
other non-minimal coupling beyond (40) that is fine on
its own without spoiling the allowed coupling in the mass-
less spin-1 field sector.
The interactions, that we constructed in III B using
the systematical construction need a special care when
promoting them to curved spacetime. This is a difficult
task, since it is not enough to guarantee the second order
nature of the equations of motion. Even if the curved
spacetime version would not yield higher order equations
of motion, the gauge modes in the gravity sector and
the non-physical modes in the massive 2-form should not
propagate, i.e. we should still have 2+3 degrees of free-
dom. We give a few examples below but a rigorous anal-
ysis is out of scope of this Letter.
For the interactions in L2 there is no harm in simply
replacing the partial derivatives by covariant derivatives.
Hence, we can straightforwardly write them as
L2 =
√−gf2(Bµν , Hµνρ, H¯µ) . (41)
However, the non-trivial interaction LT4 in curved space-
time requires the presence of a non-minimal coupling to
the Ricci scalar in order not to render the gauge modes of
the massless spin-2 field dynamical. The analysis for cos-
mological backgrounds yields the following relative tun-
ing as a possible compensation
L4 =
√−g
{
f4(X)R
+ 3f4,X
(
∇µBµν∇αBνα +∇νBµα∇αBµν
)}
,
(42)
7where X = B2. As we mentioned above, the special non-
minimal coupling (40)
√−gLµναβBµνBαβ is fine own its
own. However, including an overall function of the 2-form
norm in front would need the simultaneous presence of
appropriate interactions of the formB2(∂B)2. Due to the
symmetries of our chosen background we could not find
a decisive answer for such interactions. A Hamiltonian
analysis of an arbitrary background with less symmetries
in the ADM decomposition would yield more insight into
the number of propagating degrees of freedom and the
right relative tunings.
IV. CONCLUSION
In this work we have studied the systematical construc-
tion of derivative self-interactions for massless and mas-
sive 2-forms together with their non-minimal couplings to
gravity. Using the construction based on divergenceless
tensors we were not able to build non-minimal couplings
for the massless 2-form. We encountered also difficulties
to construct Galileon-like interactions beyond L2 and L4
for the massive 2-form using a systematical construction
based on the antisymmetric Levi-Civita tensor. The re-
sulting possible interactions are not higher in derivatives
than (∂B)2. The failure of constructing higher order
derivative Galileon-like interactions comes hand in hand
with the absence of derivative non-minimal couplings. A
coupling between the 2-form and the double dual Rie-
mann tensor emerges as the unique possible coupling that
guarantees the second order nature of equations of mo-
tion. Unless the interactions in L2, those constructed in
L4 need a special care while promoting them to curved
spacetime. We gave some concrete examples for maxi-
mally symmetric backgrounds. It would be very inter-
esting to study the cosmological and astrophysical impli-
cations of above constructed interactions for the massive
2-form, which we leave for a future work.
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